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DYNAMICAL SYSTEMS OF THE p-ADIC (2, 2)-RATIONAL FUNCTIONS
WITH TWO FIXED POINTS
U.A. ROZIKOV, I.A. SATTAROV
Abstract. We consider a family of (2, 2)-rational functions given on the set of complex p-
adic field Cp. Each such function f has the two distinct fixed points x1 = x1(f), x2 = x2(f).
We study p-adic dynamical systems generated by the (2, 2)-rational functions. We prove
that x1 is always indifferent fixed point for f , i.e., x1 is a center of some Siegel disk SI(x1).
Depending on the parameters of the function f , the type of the fixed point x2 may be any
possibility: indifferent, attractor, repeller. We find Siegel disk or basin of attraction of the
fixed point x2, when x2 is indifferent or attractor, respectively. When x2 is repeller we find
an open ball any point of which repelled from x2. Moreover, we study relations between
the sets SI(x1) and SI(x2) when x2 is indifferent. For each (2, 2)-rational function on Cp
there are two points xˆ1 = xˆ1(f), xˆ2 = xˆ2(f) ∈ Cp which are zeros of its denominator.
We give explicit formulas of radiuses of spheres (with the center at the fixed point x1)
containing some points such that the trajectories (under actions of f) of the points after a
finite step come to xˆ1 or xˆ2. We study periodic orbits of the dynamical system and find an
invariant set, which contains all periodic orbits. Moreover, we study ergodicity properties
of the dynamical system on each invariant sphere. Under some conditions we show that
the system is ergodic iff p = 2.
1. Introduction
It is well-known that the completion of the setQ of rational numbers with respect to p-adic
norm defines the p-adic field which is denoted by Qp (see [18]). The algebraic completion
of Qp is denoted by Cp and it is called the set of complex p-adic numbers.
In this paper we consider (2, 2)-rational function f : Cp → Cp defined by
f(x) =
ax2 + bx+ c
x2 + dx+ e
, x 6= xˆ1,2 = −d±
√
d2 − 4e
2
(1.1)
where parameters of the function satisfy the following conditions
a 6= 0, |b− ad|p + |c− ae|p 6= 0, a, b, c, d, e ∈ Cp. (1.2)
We study p-adic dynamical systems generated by the rational function (1.1). For basic
definitions and motivations of such investigations see [1]-[32] and references therein.
The equation f(x) = x for fixed points of function (1.1) is equivalent to the equation
x3 + (d− a)x2 + (e− b)x− c = 0. (1.3)
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Since Cp is algebraic closed the equation (1.3) may have three solutions with one of the
following relations:
(i) One solution having multiplicity three;
(ii) Two solutions, one of which has multiplicity two;
(iii) Three distinct solutions.
Remark 1. Since the behavior of the dynamical system depends on the set of fixed points,
each the above mentioned case (i)-(iii) has its own character of dynamics. In recent paper
[30] the case (i) was considered. In this paper we consider the case (ii), i.e., we investigate
the behavior of trajectories of an arbitrary (2, 2)-rational dynamical system in complex p-
adic filed Cp when the there are two fixed points for f . The case (iii) will be considered in
a separate paper.
The paper is organized as follows. In Section 2 we show that (1.1) is conjugate to a
simple (2,2)-rational function. Section 3 contains 8 real valued functions related to the
p-adic (2, 2)-rational functions. These functions are very useful to study p-adic dynamical
system by the real functions. Section 4 devoted to full analysis of the behavior of the p-adic
dynamical system. In the Section 5 we study periodic orbits and in the last section we
study ergodicity properties of the p-adic dynamical system on each invariant spheres.
2. A function conjugate to f
Denote by x1 and x2 solutions of equation (1.3), x2 has multiplicity two. Then we have
x3 + (d− a)x2 + (e− b)x− c = (x− x1)(x− x2)2 and

x1 + 2x2 = a− d
x22 + 2x1x2 = e− b
x1x
2
2 = c
(2.1)
Let homeomorphism h : Cp → Cp is defined by x = h(t) = t+ x2. So h−1(x) = x − x2.
Note that, the function f is topologically conjugate to function h−1 ◦ f ◦ h. We have
(h−1 ◦ f ◦ h)(t) = At
2 +Bt
t2 +Dt+ E
, (2.2)
where A = a− x2, B = −2x22 + (2a− d)x2 + b, D = 2x2 + d and E = x22 + dx2 + e.
It should be noted that B = E 6= 0 and A 6= D. Indeed, from (2.1) we have
x1 = a− d− 2x2 and x22 + 2(a− d− 2x2)x2 = e− b.
Consequently, −2x22 + (2a − d)x2 + b = x22 + dx2 + e, i.e. B = E. From x2 6= xˆ1,2, we have
B = E 6= 0.
Recall that, f has two fixed points x1, x2 such that x1 6= x2. Assume that A = D. Then
x2 =
a−d
3 . By (2.1) we have x1 = x2. Therefore x1 6= x2 iff A 6= D.
Thus
(h−1 ◦ f ◦ h)(t) = At
2 +Bt
t2 +Dt+B
,
and the following holds
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Proposition 1. Any (2, 2)-rational function having two distinct fixed points is topologically
conjugate to a function of the following form
f(x) =
ax2 + bx
x2 + dx+ b
, ab 6= 0, a 6= d, a, b, d ∈ Cp. (2.3)
where x 6= xˆ1,2 = −d±
√
d2−4b
2 .
Thus we study the dynamical system (f,Cp) with f given by (2.3).
Note that, function (2.3) has two fixed points x1 = 0 and x2 = a− d. So we have
f ′(x1) = 1 and f ′(x2) =
b+ (a− d)d
b+ (a− d)a .
Thus, the point x1 is an indifferent point for (2.3).
For any x ∈ Cp, x 6= xˆ1,2, by simple calculations we get
|f(x)|p = |x|p · |ax+ b|p|x− xˆ1|p|x− xˆ2|p . (2.4)
Denote
P = {x ∈ Cp : ∃n ∈ N ∪ {0}, fn(x) ∈ {xˆ1, xˆ2}}, α = |xˆ1|p and β = |xˆ2|p. (2.5)
Since xˆ1 + xˆ2 = −d and xˆ1xˆ2 = b, we have |d|p ≤ max{α, β} and |b|p = αβ.
Remark 2. It is easy to see that xˆ1 and xˆ2 are symmetric in (2.4), i.e., if we replace them
then RHS of (2.4) does not change. Therefore we consider the dynamical system (f,Cp \P)
for cases α = β and α < β.
3. Relation of the p-adic dynamics to several real ones
By using (2.4) we define the following functions
1. For |a|p < α = β define the function ϕα : [0,+∞)→ [0,+∞) by
ϕα(r) =


r, if r < α
α∗, if r = α
α2
r
, if α < r < α
2
|a|p
a∗, if r = α
2
|a|p
|a|p, if r > α2|a|p
where α∗ and a∗ some positive numbers with α∗ ≥ α, a∗ ≤ |a|p.
2. For |a|p = α = β define the function φα : [0,+∞)→ [0,+∞) by
φα(r) =


r, if r < α
αˆ, if r = α
|a|p, if r > α
where αˆ some positive number.
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3. For |a|p > α = β define the function ψα : [0,+∞)→ [0,+∞) by
ψα(r) =


r, if r < α
2
|a|p
a′, if r = α
2
|a|p
|a|pr2
α2
, if α
2
|a|p < r < α
α′, if r = α
|a|p, if r > α
where a′ and α′ some positive numbers with a′ ≤ α2|a|p , α′ ≥ |a|p.
4. For |a|p < α < β define the function ϕα,β : [0,+∞)→ [0,+∞) by
ϕα,β(r) =


r, if r < α
αˇ, if r = α
α, if α < r < β
βˇ, if r = β
αβ
r
, if β < r < αβ|a|p
aˇ, if r = αβ|a|p
|a|p, if r > αβ|a|p
where αˇ, βˇ and aˇ some positive numbers with αˇ ≥ α, βˇ ≥ α and aˇ ≤ |a|p.
5. For |a|p = α < β define the function φα,β : [0,+∞)→ [0,+∞) by
φα,β(r) =


r, if r < α
α˜, if r = α
α, if α < r < β
β˜, if r = β
|a|p, if r > β
where α˜ and β˜ some positive numbers with α˜ ≥ α.
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6. For α < |a|p < β define the function ψα,β : [0,+∞)→ [0,+∞) by
ψα,β(r) =


r, if r < α
α˘, if r = α
α, if α < r < αβ|a|p
a˘, if r = αβ|a|p
|a|pr
β
, if αβ|a|p < r < β
β˘, if r = β
|a|p, if r > β
where α˘, a˘ and β˘ some positive number with α˘ ≥ α, a˘ ≤ α and β˘ ≥ |a|p.
7. For α < |a|p = β define the function ηα,β : [0,+∞)→ [0,+∞) by
ηα,β(r) =


r, if r < β, r 6= α
α´, if r = α
β´, if r = β
|a|p, if r > β
where α´ and β´ some positive numbers with β´ ≥ |a|p.
8. For α < β < |a|p define the function ζα,β : [0,+∞)→ [0,+∞) by
ζα,β(r) =


r, if r < αβ|a|p
a`, if r = αβ|a|p
|a|pr2
αβ
, if αβ|a|p < r < α
α`, if r = α
|a|pr
β
, if α < r < β
β`, if r = β
|a|p, if r > β
where a`, α` and β` some positive numbers with a` ≤ αβ|a|p , α` ≥
|a|pα
β
and β` ≥ |a|p.
Using formula (2.4) we easily get the following:
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Lemma 1. If x ∈ Sr(0), x 6= xˆ1,2 then the following formula holds for function (2.3)
|fn(x)|p =


ϕnα(r), if |a|p < α = β
φnα(r), if |a|p = α = β
ψnα(r), if |a|p > α = β
ϕnα,β(r), if |a|p < α < β
φnα,β(r), if |a|p = α < β
ψnα,β(r), if α < |a|p < β
ηnα,β(r), if α < |a|p = β
ζnα,β(r), if α < β < |a|p.
Thus the p-adic dynamical system fn(x), n ≥ 1, x ∈ Cp\P is related to the real dynamical
systems generated by functions 1-8, and we have eight cases.
4. Behavior of dynamical systems
Note that x1 is indifferent fixed point for f , i.e., x1 is a center of some Siegel disk SI(x1).
In this section we define character of the fixed point x2 for each cases. Then we find
Siegel disk or basin of attraction of the fixed point x2, when x2 is indifferent or attractor,
respectively. In the case x2 is repeller we find an open ball Ur(x2), such that the inequality
|f(x)−x2|p > |x−x2|p holds for all x ∈ Ur(x2). Moreover, we study a relation between the
sets SI(x1) and SI(x2) when x2 is indifferent.
4.1. Case: |a|p < α = β.
Remark 3. In this case Theorem 1 gives the following character of the dynamical system:
the open ball with radius α and center x1 is the maximal Siegel disk for fixed point x1.
The fixed point x2 may be attractor or indifferent. If x2 is an attractor then its basin of
attraction is A(x2) = Uα(x2) ⊂ Sα(0). If fixed point x2 is indifferent then it have the Siegel
disk and
1. SI(x2) = SI(x1), if |d|p < α;
2. SI(x2) ∩ SI(x1) = ∅, if |d|p = α.
Lemma 2. If |a|p < α = β, then the dynamical system generated by ϕα(r) has the following
properties:
1. Fix(ϕα) = {r : 0 ≤ r < α} ∪ {α : if α∗ = α}.
2. If r > α, then
ϕnα,δ(r) =


α2
r
, for all α < r < α
2
|a|p
a∗, for r = α
2
|a|p
|a|p, for all r > α2|a|p
for any n ≥ 1.
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3. If r = α and α∗ > α, then
ϕnα(r) =


α2
α∗
, if α < α∗ < α
2
|a|p
a∗, if α∗ = α
2
|a|p
|a|p, if α∗ > α2|a|p
for any n ≥ 2.
Proof. 1. This is the result of a simple analysis of the equation ϕα(r) = r.
2. If r > α, then
ϕα(r) =


α2
r
, if α < r < α
2
|a|p
a∗, if r = α
2
|a|p
|a|p, if r > α2|a|p .
Consequently,
α < r <
α2
|a|p ⇒ |a|p <
α2
r
< α ⇒ ϕα(r) < α.
If r ≥ α2|a|p , then by a∗ ≤ |a|p < α we have ϕα(r) < α. Thus ϕα(ϕα(r)) = ϕα(r), i.e., ϕα(r)
is a fixed point of ϕα for any r > α. Consequently, for each n ≥ 1 we have
ϕnα(r) =


α2
r
, if α < r < α
2
|a|p
a∗, if r = α
2
|a|p
|a|p, if r > α2|a|p .
3. The part 3 easily follows from the parts 1 and 2. 
Now we shall apply these lemmas to study the p-adic dynamical system generated by
function (2.3).
For |a|p < α = β denote the following
a∗(x) = |f(x)|p, if x ∈ S α2
|a|p
(0).
Then using Lemma 1 and Lemma 2 we obtain the following
Theorem 1. If |a|p < α = β, then the p-adic dynamical system generated by function (2.3)
has the following properties:
1. 1.1) SI(x1) = Uα(0).
1.2) P ⊂ Sα(0).
2. If r > α and x ∈ Sr(0), then
fn(x) ∈


Sα2
r
(0), for all α < r < α
2
|a|p
Sa∗(x)(0), for r =
α2
|a|p
S|a|p(0), for all r >
α2
|a|p ,
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for any n ≥ 1.
3. If x ∈ Sα(0) \ P, then one of the following two possibilities holds:
3.1) There exists k ∈ N and µk > α such that fk(x) ∈ Sµk(0) and
fm(x) ∈


Sα2
µk
(0), if α < µk <
α2
|a|p
Sa∗(fk(x))(0), if µk =
α2
|a|p
S|a|p(0), if µk >
α2
|a|p
for any m ≥ k + 1 and fm(x) ∈ Sα(0) if m ≤ k − 1.
3.2) The trajectory {fk(x), k ≥ 1} is a subset of Sα(0).
4. If |d|p < α, then |f ′(x2)|p = 1 and
SI(x2) = SI(x1).
5. Let |d|p = α. Then x2 ∈ Sα(0) and
5.1) if |b + (a − d)d|p < α2, then x2 is an attractive fixed point for f and its basin
of attraction is
A(x2) = Uα(x2) ⊂ Sα(0).
5.2) if |b+ (a− d)d|p = α2, then x2 is indifferent fixed point for f and
SI(x2) = Uα(x2) ⊂ Sα(0).
Proof. We shall prove the part 1, by using parts 2 and 3.
The part 2 easily follows from Lemma 1 and the part 2 of Lemma 2.
3. Take x ∈ Sα(0) \ P then by (2.4) we have
|f(x)|p = α
3
|(x− xˆ1)(x− xˆ2)|p
≥ α.
If |f(x)|p > α then there is µ1 > α such that f(x) ∈ Sµ1(0) and by part 2 we have
fm(x) ∈


Sα2
µ1
(0), if α < µ1 <
α2
|a|p
Sa∗(f(x))(0), if µ1 =
α2
|a|p
S|a|p(0), if µ1 >
α2
|a|p
for any m ≥ 2. So in this case k = 1.
If |f(x)|p = α then we consider the following
|f2(x)|p = α
3
|(f(x)− xˆ1)(f(x)− xˆ2)|p
≥ α.
Now, if |f2(x)|p > α then there is µ2 > α such that f2(x) ∈ Sµ2(0) and by part 2 we get
fm(x) ∈


Sα2
µ2
(0), if α < µ2 <
α2
|a|p
Sa∗(f2(x))(0), if µ2 =
α2
|a|p
S|a|p(0), if µ2 >
α2
|a|p
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for any m ≥ 3. So in this case k = 2.
If |f2(x)|p = α then we can continue the argument and get the following inequality
|fk(x)|p ≥ α.
Hence in each step we may have two possibilities: |fk(x)|p = α or |fk(x)|p > α. In case
|fk(x)|p > α there exists µk such that fk(x) ∈ Sµk(0), and
fm(x) ∈


Sα2
µk
(0), if α < µk <
α2
|a|p
Sa∗(fk(x))(0), if µk =
α2
|a|p
S|a|p(0), if µk >
α2
|a|p
for any m ≥ k + 1. If |fk(x)|p = α for any k ∈ N then {fk(x), k ≥ 1} ⊂ Sα(0).
1. By parts 2 and 3 of theorem we know that Sr(0) is not an invariant of f for r ≥ α.
Consequently, SI(x1) ⊂ Uα(0).
By Lemma 1 and part 1 of Lemma 2 if r < α and x ∈ Sr(0) then |fn(x)|p = ϕnα(r) = r,
i.e., fn(x) ∈ Sr(0). Hence Uα(0) ⊂ SI(x1) and thus SI(x1) = Uα(0).
Since |xˆ1|p = |xˆ2|p = α we have xˆi 6∈ Uα(0), i = 1, 2. From f(Uα(0)) ⊂ Uα(0) it follows
that
Uα(0) ∩ P = {x ∈ Uα(0) : ∃n ∈ N ∪ {0}, fn(x) ∈ {xˆ1, xˆ2}} = ∅.
By part 2 of theorem for r > α we have f(Sr(0)) ⊂ Uα(0). Let Vα(0) be closed ball with
the center 0 and radius α. Then
(Cp \ Vα(0)) ∩ P = ∅,
i.e., P ⊂ Sα(0).
4. Note that |a|p < α and |d|p ≤ α. If |d|p < α, then |x2|p = |a − d|p < α. So
x2 ∈ Uα(0) = SI(x1) and
|f ′(x2)|p = |b+ (a− d)d|p|b+ (a− d)a|p =
|b|p
|b|p = 1.
Consequently x2 is indifferent fixed point for f and
SI(x2) ⊂ SI(x1). (4.1)
By simple calculation we get
|f(x)− x2|p = |x− x2|p · |d(x− x2) + dx2 + b|p|(x− x2) + (x2 − xˆ1)|p|(x− x2) + (x2 − xˆ2)|p . (4.2)
If x ∈ Sρ(x2) ⊂ Uα(0), for some ρ < α, then in (4.2) we have |d(x − x2) + dx2 + b|p =
α2. Moreover, |x2 − xˆ1|p = |a + xˆ2|p = α and |x2 − xˆ2|p = |a + xˆ1|p = α. Therefore,
|f(x) − x2|p = |x − x2|p, i.e. f(x) ∈ Sρ(x2) holds for every x ∈ Sρ(x2) ⊂ Uα(x2). Then
Uα(x2) = Uα(0) = SI(x1) ⊂ SI(x2) and by (4.1) we have SI(x2) = SI(x1).
5. If |d|p = α, then |x2|p = |a− d|p = |d|p = α, i.e., x2 ∈ Sα(0). Moreover, if x ∈ Uα(x2),
then |x|p = |(x− x2) + x2|p = α, i.e., Uα(x2) ⊂ Sα(0).
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Note that
|f ′(x2)|p = |b+ (a− d)d|p|b+ (a− d)a|p .
We have |b+ (a− d)d|p ≤ α2 and |b+ (a− d)a|p = α2.
5.1. If |b + (a − d)d|p < α2, then |f ′(x2)|p < 1, i.e., x2 is attractive fixed point for f . If
x ∈ Uα(x2), then in (4.2) we have |d(x − x2) + dx2 + b|p < α2. Therefore, |f(x) − x2|p <
|x− x2|p for all x ∈ Uα(x2). So
Uα(x2) ⊂ A(x2).
If x ∈ Sα(0)\ (Uα(x2)∪P), then |x−x2|p = α and by (4.2) we have |f(x)−x2|p ≥ |x−x2|p,
i.e., x 6∈ A(x2). Consequently,
A(x2) = Uα(x2).
5.2. If |b+ (a− d)d|p = α2, then |f ′(x2)|p = 1, i.e., x2 is indifferent fixed point for f . If
x ∈ Sρ(x2) ⊂ Uα(x2), then in (4.2) we have |d(x− x2) + dx2 + b|p = α2 and |f(x)− x2|p =
|x− x2|p. Therefore, f(x) ∈ Sρ(x2) for all x ∈ Sρ(x2). So Uα(x2) ⊂ SI(x2).
If x ∈ Sα(0) \ (Uα(x2) ∪ P), then |x − x2|p = α and by (4.2) we have |f(x) − x2|p is
some given number with |f(x) − x2|p > 0, i.e., the sphere Sα(x2) is not invariant for f .
Consequently,
SI(x2) = Uα(x2).

4.2. Case: |a|p = α = β.
Remark 4. In this case Theorem 2 gives the following character of the dynamical system:
the open ball with radius α and center x1 is the maximal Siegel disk for fixed point x1. The
fixed point x2 may be repeller or indifferent. If x2 is repeller then the inequality |f(x)−x2|p >
|x − x2|p holds for all x ∈ Uα(x2), x 6= x2. If x2 is indifferent then it have the Siegel disk
and
1. SI(x2) = SI(x1), if |x2|p < α;
2. SI(x2) ∩ SI(x1) = ∅, if |x2|p = α.
Lemma 3. If |a|p = α = β, then the dynamical system generated by φα(r) has the following
properties:
1. Fix(φα) = {r : 0 ≤ r < α} ∪ {α : if αˆ = α}.
2. If r > α, then φα(r) = α.
3. Let r = α.
3.1) If αˆ > α, then φ2α(α) = α.
3.2) If αˆ ≤ α, then φnα(α) = αˆ for any n ≥ 1.
Proof. 1. This is the result of a simple analysis of the equation φα(r) = r.
2. By definition of φα(r), for any r > α we have φα(r) = α.
3. If r = α then φα(r) = αˆ.
For αˆ > α we have φα(αˆ) = α, φα(α) = αˆ. Hence φ
2
α(α) = α.
In case αˆ ≤ α we have φα(αˆ) = αˆ. Thus for all n ≥ 1 one has φnα(r) = αˆ. 
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Denote
αˆ(x) = |f(x)|p, for x ∈ Sα(0).
Using Lemma 1 and Lemma 3 we get
Theorem 2. If |a|p = α = β, then the p-adic dynamical system generated by function (2.3)
has the following properties:
1. 1.1) SI(x1) = Uα(0).
1.2) Uα(0) ∩ P = ∅.
2. If r > α and x ∈ Sr(0), then f(x) ∈ Sα(0).
3. Let fk(x) ∈ Sα(0) \ P for some k = 0, 1, 2, ..., then
fm(x) ∈


Sαˆ(fk(x))(0), if αˆ(f
k(x)) ≥ α, m = k + 1
Sα(0), if αˆ(f
k(x)) > α, m = k + 2
Sαˆ(fk(x))(0), if αˆ(f
k(x)) < α, ∀m ≥ k + 1.
4. If |d|p < α, then |x2|p = α and
4.1) if |b + (a − d)a|p < α2, then x2 is repeller fixed point for f and the inequality
|f(x)− x2|p > |x− x2|p holds for all x ∈ Uα(x2), x 6= x2.
4.2) if |b+ (a− d)a|p = α2, then x2 is indifferent fixed point for f and
SI(x2) = Uα(x2).
5. If |x2|p < α, then x2 is indifferent fixed point for f and SI(x2) = SI(x1).
Proof. Parts 2-3 of theorem easily follow from parts 2-3 of Lemma 3 and Lemma 1.
1. Note that x1 = 0 is indifferent fixed point for f . By the part 1 of Lemma 3 and
Lemma 1, if r < α and x ∈ Sr(0) then
|fn(x)|p = φn(r) = r,
i.e., for n ≥ 1 we have fn(x) ∈ Sr(0). Consequently, Uα(0) ⊂ SI(x1).
By the parts 2-3 of theorem we know that if r ≥ α then Sr(0) is not invariant for f .
Hence SI(x1) ⊂ Uα(0). Therefore, SI(x1) = Uα(0).
Since |xˆ1|p = |xˆ2|p = α we have xˆ1,2 6∈ Uα(0). Moreover, from f(Uα(0)) ⊂ Uα(0) we get
Uα(0) ∩ P = {x ∈ Uα(0) : ∃n ∈ N ∪ {0}, fn(x) ∈ {xˆ1, xˆ2}} = ∅.
4. If |d|p < α, then |x2|p = |a − d|p = |a|p = α, i.e., x2 ∈ Sα(0). Moreover, Uα(x2) ⊂
Sα(0).
Note that
|f ′(x2)|p = |b+ (a− d)d|p|b+ (a− d)a|p .
We have |b+ (a− d)d|p = α2 and |b+ (a− d)a|p ≤ α2.
4.1. If |b+ (a− d)a|p < α2, then |f ′(x2)|p > 1, i.e., x2 is repeller fixed point for f .
By simple calculation we get
|f(x)− x2|p = |x− x2|p|d(x − x2) + dx2 + b|p|(x− x2)2 + (x− x2)(2x2 + d) + b+ (a− d)a|p . (4.3)
12 U.A. ROZIKOV, I.A. SATTAROV
If |b+ (a− d)a|p < α2 and x ∈ Uα(x2), then in (4.3) we have
|d(x− x2) + dx2 + b|p = α2 and |(x− x2)2 + (x− x2)(2x2 + d) + b+ (a− d)a|p < α2.
Therefore, the inequality |f(x)− x2|p > |x− x2|p satisfied for all x ∈ Uα(x2) x 6= x2.
4.2. If |b+ (a− d)a|p = α2, then |f ′(x2)|p = 1, i.e., x2 is indifferent fixed point for f . If
x ∈ Sρ(x2) ⊂ Uα(x2), then in (4.3) we have
|d(x− x2) + dx2 + b|p = α2,
|(x− x2)2 + (x− x2)(2x2 + d) + b+ (a− d)a|p = α2.
Therefore, |f(x)−x2|p = |x−x2|p, i.e., f(x) ∈ Sρ(x2) for all x ∈ Sρ(x2). So Uα(x2) ⊂ SI(x2).
If x ∈ Sα(0) \ (Uα(x2) ∪ P), then |x − x2|p = α and by (4.3) we have |f(x) − x2|p is
some given number with |f(x) − x2|p ≥ α, i.e., the sphere Sα(x2) is not invariant for f .
Consequently,
SI(x2) = Uα(x2).
5. If |x2|p < α, then x2 ∈ Uα(0) and
|f ′(x2)|p = |b+ dx2|p|b+ ax2|p = 1.
Consequently, x2 is indifferent fixed point for f and SI(x2) ⊂ Uα(x2) = Uα(0), because
by parts 2-3 of theorem f(Sr(0)) * Sr(0) for all r ≥ α. Note that |x2−xˆ1|p = |x2−xˆ2|p = α.
Let x ∈ Sρ(x2) and ρ < α. By (4.3) we have |f(x)− x2|p = |x− x2|p, i.e. f(x) ∈ Sρ(x2)
holds for every x ∈ Sρ(x2) ⊂ Uα(x2) Then Uα(x2) = Uα(0) ⊂ SI(x2) and we have
SI(x2) = SI(x1).

4.3. Case: |a|p > α = β.
Remark 5. In this case the open ball with radius α
2
|a|p and center x1 is the maximal Siegel
disk for fixed point x1. The fixed point x2 is attractive and its basin of attraction is the set
A(x2) = Cp \ (V α2
|a|p
(0) ∪ P).
Moreover, Theorem 4 gives explicit formulas of radiuses of spheres (with the center at the
fixed point x1) containing some points that the trajectories (under actions of f) of the points
after a finite step come to xˆ1 or xˆ2.
Lemma 4. If |a|p > α = β, then the dynamical system generated by ψα(r) has the following
properties:
1. Fix(ψα) = {r : 0 ≤ r < α2|a|p} ∪ { α
2
|a|p : if α
′ = α
2
|a|p } ∪ {|a|p}.
2. If r > α
2
|a|p , then
lim
n→∞ψ
n
α(r) = |a|p.
3. If r = α
2
|a|p and α
′ < α
2
|a|p , then ψ
n
α(r) = α
′ for all n ≥ 1.
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Proof. 1. This is the result of a simple analysis of the equation ψα(r) = r.
2. By definition of ψα(r), for r > α we have ψα(r) = |a|p, i.e., the function is constant.
For r = α we have ψα(α) = a
′ ≥ |a|p and by condition |a|p > α, we get ψα(α) > α.
Consequently,
lim
n→∞ψ
n
α(α) = |a|p.
Assume now α
2
|a|p < r < α then ψα(r) =
|a|pr2
α2
, ψ′α(r) =
2|a|pr
α2
> 2 and
ψα((
α2
|a|p , α)) = (
α2
|a|p , |a|p) ∪ {a
′}.
Since ψ′α(r) > 2 for r ∈ ( α
2
|a|p , α) there exists n0 ∈ N such that ψn0α (r) ∈ (α, |a|p). Hence for
n ≥ n0 we get ψnα(r) > α and consequently
lim
n→∞ψ
n
α(r) = |a|p.
3. If r = α
2
|a|p and α
′ < α
2
|a|p then ψα(r) = α
′ < α
2
|a|p . Moreover, α
′ is a fixed point for the
function ψα. Thus for n ≥ 1 we obtain ψnα(r) = α′. 
By Lemma 1 and Lemma 4 we get
Theorem 3. If |a|p > α = β, then the p-adic dynamical system generated by function (2.3)
has the following properties:
1. 1.1) SI(x1) = U α2
|a|p
(0).
1.2) x2 ∈ S|a|p(0).
2.) The fixed point x2 is attractive and
A(x2) = Cp \ (V α2
|a|p
(0) ∪ P).
3. If x ∈ S α2
|a|p
(0), then one of the following two possibilities holds:
3.1) There exists k ∈ N and µk < α2|a|p such that fm(x) ∈ Sµk(0) for any m ≥ k and
fm(x) ∈ S α2
|a|p
(0) if m ≤ k − 1.
3.2) The trajectory {fk(x), k ≥ 1} is a subset of S α2
|a|p
(0).
Proof. 1. By Lemma 1 and part 1 of Lemma 4 we see that spheres Sr(0), r <
α2
|a|p and
S|a|p(0) are invariant for f . Thus SI(x1) = U α2
|a|p
(0).
Note that |a|p > α and |d|p ≤ α. Consequently, |x2|p = |a− d|p = |a|p, i.e. x2 ∈ S|a|p(0).
2. In this case x2 will be attractive fixed point, i.e.
|f ′(x2)|p = |b+ dx2|p|b+ ax2|p < 1,
because we have |b+ dx2|p ≤ max{α2, |ad|p} < |a|2p and |b+ ax2|p = |a|2p.
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From Lemma 1 and part 2 of Lemma 4 we have
lim
n→∞ f
n(x) ∈ S|a|p(0)
for all x ∈ Sr(0) \ P, r > α2|a|p .
Let x ∈ S|a|p(0). We have
|f(x)− x2|p = |x− x2|p · |dx+ b|p|(x− xˆ1)|p|(x− xˆ2)|p . (4.4)
By |dx+ b|p ≤ max{|ad|p, α2} < |a|2p and |x− xˆ1|p = |x− xˆ2|p = |a|p, we get |f(x)− x2|p <
|x− x2|p for any x ∈ S|a|p(0) \ P. Consequently,
lim
n→∞ f
n(x) = x2, for all x ∈ Sr(0) \ P, r > α
2
|a|p ,
i.e., A(x2) = Cp \ (V α2
|a|p
(0) ∪ P).
3. If x ∈ S α2
|a|p
(0) then by (2.4) we have
|f(x)|p = |ax+ b|p|a|p ≤
α2
|a|p .
If |f(x)|p < α2|a|p then there is µ1 < α
2
|a|p such that f
m(x) ∈ Sµ1(0) for any m ≥ 1 (see part 1
of Lemma 4). So in this case k = 1.
If |f(x)|p = α2|a|p then we consider the following
|f2(x)|p = |af(x) + b|p|a|p ≤
α2
|a|p .
Now, if |f2(x)|p < α2|a|p then there is µ2 < α
2
|a|p such that f
m(x) ∈ Sµ2(0) for any m ≥ 2. So
in this case k = 2.
If |f2(x)|p = α2|a|p then we can continue the argument and get the following inequality
|fk(x)|p ≤ α
2
|a|p .
Hence in each step we may have two possibilities: |fk(x)|p = α2|a|p or |fk(x)|p < α
2
|a|p . In case
|fk(x)|p < α2|a|p there exists µk such that fm(x) ∈ Sµk(0) for any m ≥ k. If |fk(x)|p = α
2
|a|p
for any k ∈ N then {fk(x), k ≥ 1} ⊂ S α2
|a|p
(0). 
We note that P defined in (2.5) has the following form
P =
∞⋃
k=0
Pk, Pk = {x ∈ Cp : fk(x) ∈ {xˆ1, xˆ2}}.
Theorem 4. If |a|p > α = β, then
1. Pk 6= ∅, for any k = 0, 1, 2, ... .
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2. Pk ⊂ Srk(0), where rk = α ·
(
α
|a|p
) 2k−1
2k , k = 0, 1, 2, ... .
Proof. 1. In case k = 0 we have P0 = {xˆ1, xˆ2} 6= ∅.
Assume for k = n that Pn = {x ∈ Cp : fn(x) ∈ {xˆ1, xˆ2}} 6= ∅.
Now for k = n + 1 to prove Pn+1 = {x ∈ Cp : fn+1(x) ∈ {xˆ1, xˆ2}} 6= ∅ we have to show
that the following equation has at least one solution:
fn+1(x) = xˆi, for some i = 1, 2.
By our assumption Pn 6= ∅ there exists y ∈ Pn such that fn(y) ∈ {xˆ1, xˆ2}. Now we show
that there exists x such that f(x) = y. We note that the equation f(x) = y can be written
as
(a− y)x2 + (b− dy)x− by = 0. (4.5)
Since xˆ1, xˆ2 ∈ Sα(0), by the Lemma 1 and the part 1 of Lemma 4 we know that S|a|p(0) is an
invariant, consequently, P ∩ S|a|p(0) = ∅, for |a|p > α. Thus a 6∈ P, hence, a− y 6= 0. Since
Cp is algebraic closed the equation (4.5) has two solutions, say x = t1, t2. For x ∈ {t1, t2}
we get
fn+1(x) = fn(f(x)) = fn(y) ∈ {xˆ1, xˆ2}.
Hence Pn+1 6= ∅. Therefore, by induction we get
Pk 6= ∅, for any k = 0, 1, 2, ... .
2. We know that |xˆ1|p = |xˆ2|p = α. By condition |a|p > α, we get α > α2|a|p . By (2.4) and
part 2 of Lemma 4 for x ∈ Sα(0), x 6= xˆ1,2 we have
lim
n→∞ f
n(x) ∈ S|a|p(0),
i.e., Sα(0) ∩ P = {xˆ1, xˆ2} = P0. Denoting r0 = α we write P0 ⊂ Sr0(0).
For each k = 1, 2, 3, . . . we want to find some rk such that the solution x of f
k(x) = xˆi,
(for some i = 1, 2) belongs to Srk(0), i.e., x ∈ Srk(0). By Lemma 1 we should have
ψkα(rk) = α.
Now if we show that the last equation has unique solution rk for each k, then we get
Pk = {x ∈ Cp : fk(x) ∈ {xˆ1, xˆ2}} ⊂ Srk(0).
By parts 1 and 3 of Lemma 4 we have α
2
|a|p < rk ≤ α. Moreover, we have r0 = α and
α2
|a|p < rk < α for each k = 1, 2, ... For such rk, by definition of ψα(r), we have
ψα(rk) =
|a|pr2k
α2
.
Thus ψkα(rk) = α has the form
ψkα(rk) =
|a|p2
k−1
α2(2
k−1) r
2k
k = α
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consequently
r2
k
k = α
2k ·

( α
|a|p
) 2k−1
2k


2k
.
Taking 2k-root we obtain unique positive solution: rk = α ·
(
α
|a|p
) 2k−1
2k . 
4.4. Case: |a|p < α < β.
Remark 6. In this case Theorem 5 gives the following character of the dynamical system:
the open ball with radius α and center x1 is the maximal Siegel disk for fixed point x1.
The fixed point x2 is repeller and the inequality |f(x) − x2|p > |x − x2|p holds for all
x ∈ Uβ(x2) ⊂ Sβ(0), x 6= x2. If |x|p > β, then trajectory of the point x is subset of the
maximal Siegel disk of the fixed point x1.
Lemma 5. If |a|p < α < β, then the dynamical system generated by ϕα,β(r) has the
following properties:
1. Fix(ϕα,β) = {r : 0 ≤ r < α} ∪ {α : if αˇ = α} ∪ {β : if βˇ = β}.
2. If α < r < β, then ϕα,β(r) = α.
3. If r > β, then
ϕnα,β(r) =


αβ
r
, for all β < r < αβ|a|p
aˇ, for r = αβ|a|p
|a|p, for all r > αβ|a|p
for any n ≥ 1.
4. Let r = α.
4.1) If α < αˇ < β, then ϕ2α,β(α) = α.
4.2) If αˇ = β, then ϕα,β(α) = β.
4.3) If αˇ > β, then
ϕnα,β(α) =


αβ
αˇ
, if β < αˇ < αβ|a|p
aˇ, if αˇ = αβ|a|p
|a|p, if αˇ > αβ|a|p
for any n ≥ 2.
5. Let r = β.
5.1) If α < βˇ < β, then ϕ2α,β(β) = α.
5.2) If βˇ > β, then
ϕnα,β(β) =


αβ
βˇ
, if β < βˇ < αβ|a|p
aˇ, if βˇ = αβ|a|p
|a|p, if βˇ > αβ|a|p
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for any n ≥ 2.
Proof. 1. This is the result of a simple analysis of the equation ϕα,β(r) = r.
2. If there is α < r < β, then function ϕα,β will be ϕα,β(r) = α by definition.
3. If r > β, then
ϕα,β(r) =


αβ
r
, if β < r < αβ|a|p
aˇ, if r = αβ|a|p
|a|p, if r > αβ|a|p .
Consequently,
β < r <
αβ
|a|p ⇒ |a|p <
αβ
r
< α ⇒ ϕα,β(r) < α.
If r ≥ αβ|a|p , then by aˇ ≤ |a|p < α we have ϕα,β(r) < α. Thus ϕα,β(ϕα,β(r)) = ϕα,β(r), i.e.,
ϕα,β(r) is a fixed point of ϕα,β for any r > β. Consequently, for each n ≥ 1 we have
ϕnα,β(r) =


αβ
r
, if β < r < αβ|a|p
aˇ, if r = αβ|a|p
|a|p, if r > αβ|a|p .
The parts 4 and 5 easily follows from the parts 1, 2 and 3. 
If α < β, then we note that P has the following form P = Pα ∪ Pβ, where
Pα = {x ∈ Cp : ∃n ∈ N∪ {0}, fn(x) = xˆ1} and Pβ = {x ∈ Cp : ∃n ∈ N∪ {0}, fn(x) = xˆ2}.
For |a|p < α < β denote the following
αˇ(x) = |f(x)|p, if x ∈ Sα(0) \ {xˆ1}; βˇ(x) = |f(x)|p, if x ∈ Sβ(0) \ {xˆ2};
aˇ(x) = |f(x)|p, if x ∈ S αβ
|a|p
(0).
Then using Lemma 1 and Lemma 5 we obtain the following
Theorem 5. If |a|p < α < β and x ∈ Sr(0)\P, then the p-adic dynamical system generated
by function (2.3) has the following properties:
1. SI(x1) = Uα(0).
2. If α < r < β, then f(x) ∈ Sα(0).
3. Let r > β, then
fn(x) ∈


Sαβ
r
(0), for all α < r < αβ|a|p
Saˇ(x)(0), for r =
αβ
|a|p
S|a|p(0), for all r >
αβ
|a|p ,
for any n ≥ 1.
4. Let x ∈ Sα(0) \ P.
4.1) If αˇ(x) = α, then f(x) ∈ Sα(0).
4.2) If α < αˇ(x) < β, then f2(x) ∈ Sα(0).
18 U.A. ROZIKOV, I.A. SATTAROV
4.3) If αˇ(x) = β, then f(x) ∈ Sβ(0).
4.4) If αˇ(x) > β, then
fn(x) ∈


S αβ
αˇ(x)
(0), if α < αˇ(x) < αβ|a|p
Saˇ(f(x))(0), if αˇ(x) =
αβ
|a|p
S|a|p(0), if αˇ(x) >
αβ
|a|p
for any n ≥ 2.
5. Let x ∈ Sβ(0) \ P.
5.1) If βˇ(x) = α, then f(x) ∈ Sα(0).
5.2) If α < βˇ(x) < β, then f2(x) ∈ Sα(0).
5.3) If βˇ(x) = β, then f(x) ∈ Sβ(0).
5.4) If βˇ(x) > β, then
fn(x) ∈


S αβ
βˇ(x)
(0), if α < βˇ(x) < αβ|a|p
Saˇ(f(x))(0), if βˇ(x) =
αβ
|a|p
S|a|p(0), if βˇ(x) >
αβ
|a|p
for any n ≥ 2.
6. 6.1) x2 ∈ Sβ(0).
6.2) The fixed point x2 is repeller and the inequality |f(x) − x2|p > |x − x2|p holds
for x ∈ Uβ(x2), x 6= x2.
Proof. The parts 1-5 of this theorem can be shown by Lemma 1 and Lemma 5.
6. In this case we note that |a|p < α < β = |d|p. Then |x2|p = |a − d|p = β, i.e.,
x2 ∈ Sβ(0), and we have
|f ′(x2)|p =
∣∣∣∣b+ (a− d)db+ (a− d)a
∣∣∣∣
p
=
max{αβ, β2}
max{αβ, |a|pβ} =
β
α
> 1.
So, x2 is repeller fixed point for f .
In this case, in (4.2) we have |x2 − xˆ1|p = β and |x2 − xˆ2|p = α. Indeed, |x2 − xˆ1|p =
max{α, β} = β and |x2 − xˆ2|p = |a+ xˆ1|p = max{|a|p, α} = α. Moreover, by formula (4.2)
we have
|f(x)− x2|p =


β
α
|x− x2|p, if |x− x2|p < α
≥ β, if |x− x2|p = α
β, if α < |x− x2|p < β
β0, if |x− x2|p = β
β, if |x− x2|p > β,
where β0 > 0.
That is the inequality |f(x)−x2|p > |x−x2|p satisfied for |x−x2|p < β, i.e., for x ∈ Uβ(x2),
x 6= x2. 
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4.5. Case: |a|p = α < β.
Remark 7. In this case Theorem 6 gives the following character of the dynamical system:
the open ball with radius α and center x1 is the maximal Siegel disk for fixed point x1.
The fixed point x2 is repeller and the inequality |f(x) − x2|p > |x − x2|p holds for all
x ∈ Uβ(x2) ⊂ Sβ(0), x 6= x2.
Lemma 6. If |a|p = α < β, then the dynamical system generated by φα,β(r) has the
following properties:
1. Fix(φα,β) = {r : 0 ≤ r < α} ∪ {α : if α˜ = α} ∪ {β : if β˜ = β}.
2. If r > α and r 6= β, then φα,β(r) = α.
3. Let r = α and α˜ > α.
3.1) If α˜ 6= β, then φ2α,β(α) = α.
3.2) If α˜ = β, then φα,β(α) = β.
4. If r = β
4.1) If β˜ < α, then φnα,β(β) = β˜ for all n ≥ 1.
4.2) If β˜ = α, then φα,β(β) = α.
4.3) If β˜ > α and β˜ 6= β, then φ2α,β(β) = α.
Proof. Is similar to the proof of previous lemmas. 
For |a|p = α < β denote the following
α˜(x) = |f(x)|p, if x ∈ Sα(0) \ {xˆ1}; β˜(x) = |f(x)|p, if x ∈ Sβ(0) \ {xˆ2}.
By Lemma 1 and Lemma 6 we get
Theorem 6. If |a|p = α < β and x ∈ Sr(0)\P, then the p-adic dynamical system generated
by function (2.3) has the following properties:
1. SI(x1) = Uα(0).
2. If r > α and r 6= β, then f(x) ∈ Sα(0).
3. Let x ∈ Sα(0) \ P.
3.1) If α˜(x) = α, then f(x) ∈ Sα(0).
3.2) If α˜(x) > α and α˜(x) 6= β, then f2(x) ∈ Sα(0).
3.3) If α˜(x) = β, then f(x) ∈ Sβ(0).
4. Let x ∈ Sβ(0) \ P.
4.1) If β˜(x) < α, then fn(x) ∈ S
β˜(x)(0) for any n ≥ 1.
4.2) If β˜(x) = α, then f(x) ∈ Sα(0).
4.3) If β˜(x) > α and β˜(x) 6= β, then f2(x) ∈ Sα(0).
4.4) If β˜(x) = β, then f(x) ∈ Sβ(0).
5. 5.1) x2 ∈ Sβ(0).
5.2) The fixed point x2 is repeller and the inequality |f(x)−x2|p > |x−x2|p satisfied
for x ∈ Uβ(x2), x 6= x2.
Proof. The parts 1-4 of this theorem are easily obtained from Lemma 1 and Lemma 6.
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5. In this case we note that |a|p = α < β = |d|p. Then |x2|p = |a−d|p = β, i.e. x2 ∈ Sβ(0)
and we have
|f ′(x2)|p =
∣∣∣∣b+ (a− d)db+ (a− d)a
∣∣∣∣
p
≥ β
α
> 1.
So, x2 is repeller fixed point for f .
In this case, in (4.2) we have |x2 − xˆ1|p = β and |x2 − xˆ2|p ≤ α. Indeed, |x2 − xˆ2|p =
|a+ xˆ1|p ≤ α. Moreover, by formula (4.2) we have
|f(x)− x2|p =


β
|x2−xˆ2|p |x− x2|p, if |x− x2|p < |x2 − xˆ2|p
≥ β, if |x− x2|p = |x2 − xˆ2|p
β, if |x2 − xˆ2|p < |x− x2|p < β
β1, if |x− x2|p = β
β, if |x− x2|p > β,
where β1 > 0.
That is the inequality |f(x) − x2|p > |x − x2|p satisfied for 0 < |x − x2|p < β, i.e., for
x ∈ Uβ(x2), x 6= x2. 
4.6. Case: α < |a|p < β.
Remark 8. In this case the open ball with radius α and center x1 is the maximal Siegel disk
for fixed point x1. The fixed point x2 is repeller and the inequality |f(x)− x2|p > |x− x2|p
holds for all x ∈ Uβ(x2) ⊂ Sβ(0), x 6= x2.
Lemma 7. If α < |a|p < β, then the dynamical system generated by ψα,β(r) has the
following properties:
1. Fix(ψα,β) = {r : 0 ≤ r < α} ∪ {α : if α˘ = α} ∪ {β : if β˘ = β}.
2. If r > β, then ψα,β(r) = |a|p ∈ (α, β).
3. Let r ∈ (α, β).
3.1) If r ∈ B and a˘ < α, then
lim
n→∞ψ
n
α,β(r) = a˘.
3.2) If r ∈ B and a˘ = α, then there exists n ∈ N such that ψnα,β(r) = α.
3.3) If r 6∈ B, then there exists n ∈ N such that ψnα,β(r) = α.
4. If r = β and β˘ 6= β, then ψα,β(β) > β.
5. If r = α and α˘ 6= α, then ψα,β(α) > α.
where B =
{
rn| rn = α β
n+1
|a|n+1p , n ∈ {0} ∪
(
N ∩
(
0, log β
|a|p
|a|p
α
))}
.
Proof. Parts 1-2 are straightforward.
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3. By definition of ψα,β(r), for r ∈ (α, β) we have
ψα,β(r) =


α, if α < r < αβ|a|p
a˘, if r = αβ|a|p
|a|pr
β
, if αβ|a|p < r < β.
where a˘ ≤ α.
3.1) If a˘ < α, then from part 1 of this lemma a˘ is fixed point for ψα,β.
Now we consider the set
B =
{
r| ∃n ∈ N ∪ {0}, ψnα,β(r) =
αβ
|a|p
}
=
{
rn| rn = α β
n+1
|a|n+1p
, n ∈ {0} ∪
(
N ∩
(
0, log β
|a|p
|a|p
α
))}
⊂
[
αβ
|a|p , β
)
.
It is easy to see that if a˘ < α, then
lim
n→∞ψ
n
α,β(r) = a˘
for r ∈ B.
3.2) If a˘ = α, then ψnα,β(r) =
αβ
|a|p and ψ
n+1
α,β (r) = α for r = rn ∈ B.
3.3) Let r ∈ (α, β) \B. Then r ∈
(
α, αβ|a|p
)
or r ∈
[
αβ
|a|p , β
)
\B.
If α < r < αβ|a|p , then by definition of ψα,β we have ψα,β(r) = α, i.e. n = 1.
If r ∈
[
αβ
|a|p , β
)
\B, then there exists rk ∈ B such that rk < r < rk+1 for k < ⌊log β
|a|p
|a|p
α
⌋
or rk < r < β at k = ⌊log β
|a|p
|a|p
α
⌋. Moreover, rk−1 < ψα,β(r) < rk. Indeed, for k <
⌊log β
|a|p
|a|p
α
⌋ we have
α
βk+1
|a|k+1p
< r < α
βk+2
|a|k+2p
and α
βk
|a|kp
< ψα,β(r) < α
βk+1
|a|k+1p
;
for k = ⌊log β
|a|p
|a|p
α
⌋ we have
α
βk+1
|a|k+1p
< r < β and α
βk
|a|kp
< ψα,β(r) < |a|p < α β
k+1
|a|k+1p
because, ψα,β(r) =
|a|pr
β
and β < α β
k+2
|a|k+2p
.
Consequently, we get αβ|a|p = r0 < ψ
k
α,β(r) < r1 and α < ψ
k+1
α,β (r) <
αβ
|a|p . By definition of
ψα,β we have ψ
k+2
α,β (r) = α, i.e. n = k + 2.
4.-5. These results are directly presented in the definition of function ψα,β. 
For α < |a|p < β denote the following
α˘(x) = |f(x)|p, if x ∈ Sα(0) \ {xˆ1};
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β˘(x) = |f(x)|p, if x ∈ Sβ(0) \ {xˆ2};
a˘(x) = |f(x)|p, if x ∈ S αβ
|a|p
(0).
Using Lemma 1 and Lemma 7 we get
Theorem 7. If α < |a|p < β and x ∈ Sr(0)\P, then the p-adic dynamical system generated
by function (2.3) has the following properties:
1. SI(x1) = Uα(0).
2. If r > β, then f(x) ∈ S|a|p(0).
3. Let r ∈ (α, β).
3.1) If r ∈ B and a˘(x) < α, then there exists n0 ∈ N such that fn(x) ∈ Sa˘(x)(0) for
all n > n0.
3.2) If r ∈ B and a˘(x) = α, then there exists n ∈ N such that fn(x) ∈ Sα(0).
3.3) If r 6∈ B, then there exists n ∈ N such that fn(x) ∈ Sα(0).
4. If r = β and β˘(x) 6= β, then f(x) 6∈ Vβ(0).
5. If r = α and α˘(x) 6= α, then f(x) 6∈ Vα(0).
6. 6.1) x2 ∈ Sβ(0).
6.2) The fixed point x2 is repeller and the inequality |f(x)−x2|p > |x−x2|p satisfied
for x ∈ Uβ(x2), x 6= x2.
Proof. The parts 1-5 of this theorem are easily obtained by Lemma 1 and Lemma 7.
6. In this case we note that |a|p < β = |d|p. Then |x2|p = |a − d|p = β, i.e. x2 ∈ Sβ(0)
and we have
|f ′(x2)|p =
∣∣∣∣b+ (a− d)db+ (a− d)a
∣∣∣∣
p
=
β
|a|p > 1.
So, x2 is repeller fixed point for f .
In this case, in (4.2) we have |x2 − xˆ1|p = β and |x2 − xˆ2|p = |a|p. Indeed, |x2 − xˆ2|p =
|a+ xˆ1|p = |a|p. Moreover, by formula (4.2) we have
|f(x)− x2|p =


β
|a|p |x− x2|p, if |x− x2|p < |a|p
≥ β, if |x− x2|p = |a|p
β, if |a|p < |x− x2|p < β
β2, if |x− x2|p = β
β, if |x− x2|p > β,
where β2 > 0.
That is the inequality |f(x) − x2|p > |x − x2|p satisfied for 0 < |x − x2|p < β, i.e., for
x ∈ Uβ(x2), x 6= x2. 
4.7. Case: α < |a|p = β.
Remark 9. In this case Theorem 8 gives the following character of the dynamical system:
the open ball with radius α and center x1 is the maximal Siegel disk for fixed point x1,
moreover if α < r < β, then the sphere Sr(0) is invariant for f . If fixed point x2 is
indifferent then it have the Siegel disk and
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1. SI(x2) = SI(x1), if |a− d|p < α;
2. SI(x2) ∩ SI(x1) = ∅, if |a− d|p > α.
Lemma 8. If α < |a|p = β, then the dynamical system generated by ηα,β(r) has the following
properties:
1. Fix(ηα,β) = {r : 0 ≤ r < α or α < r < β} ∪ {α : if α´ = α} ∪ {β : if β´ = β}.
2. If r > β, then ηα,β(r) = β.
3. Let r = α.
3.1) If α´ < β, then ηnα,β(α) = α´, for all n ≥ 1.
3.2) If α´ = β, then ηα,β(α) = β.
3.3) If α´ > β, then η2α,β(α) = β.
4. If r = β and β´ > β, then η2α,β(β) = β.
Proof. Similar to proofs of the previous lemmas. 
For α < |a|p = β denote the following
α´(x) = |f(x)|p, if x ∈ Sα(0) \ {xˆ1};
β´(x) = |f(x)|p, if x ∈ Sβ(0) \ {xˆ2}.
Using Lemma 1 and Lemma 8 we get
Theorem 8. If α < |a|p = β, then the p-adic dynamical system generated by function (2.3)
has the following properties:
1. 1.1) SI(x1) = Uα(0).
1.2) If α < r < β, then Sr(0) is an invariant for f .
2. If r > β, then f(Sr(0) \ P) ⊂ Sβ(0).
3. Let x ∈ Sα(0) \ P.
3.1) If α´(x) = α, then f(x) ∈ Sα(0).
3.2) If α´(x) 6= α and α´(x) < β, then fn(x) ∈ Sα´(x)(0) for any n ≥ 1.
3.3) If α´(x) = β, then f(x) ∈ Sβ(0).
3.4) If α´(x) > β, then f2(x) ∈ Sβ(0).
4. Let x ∈ Sβ(0) \ P.
4.1) If β´(x) = β, then f(x) ∈ Sβ(0).
4.2) If β´(x) > β, then f2(x) ∈ Sβ(0).
5. x2 ∈ Vβ(0) and if |a− d|p 6= α, then x2 is indifferent fixed point for f .
5.1) If |a− d|p < α, then SI(x2) = SI(x1).
5.2) If |a− d|p > α, then SI(x2) = U|x2|p(x2).
Proof. The parts 1-4 of this theorem are consequences of Lemma 1 and Lemma 8.
5. We note that |b|p = αβ and |a|p = |d|p = β. Then |x2|p = |a−d|p ≤ β, i.e. x2 ∈ Vβ(0).
If |a− d|p 6= α, then we have
|f ′(x2)|p =
∣∣∣∣b+ (a− d)db+ (a− d)a
∣∣∣∣
p
=
max{αβ, |a− d|pβ}
max{αβ, |a− d|pβ} = 1.
So, x2 is indifferent fixed point for f .
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Let |a− d|p < α and x ∈ Sρ(x2), ρ < α. In this case, in (4.2) we have |x2 − xˆ1|p = α and
|x2 − xˆ2|p = β. Moreover, by formula (4.2) we have
|f(x)− x2|p = |x− x2|p · |d(x− x2) + dx2 + b|p|(x− x2) + (x2 − xˆ1)|p|(x− x2) + (x2 − xˆ2)|p = |x− x2|p.
Consequently, f(Sρ(x2)) ⊂ Sρ(x2) for all ρ < α, i.e., Uα(x2) ⊂ SI(x2). We have |x2|p <
α, then Uα(x2) = Uα(0) = SI(x1) and Sα(x2) = Sα(0). From part 3 of this theorem
f(Sα(0)) * Sα(0). Consequently SI(x2) = Uα(x2) = SI(x1).
Let α < |a− d|p ≤ β. Then we have |x2 − xˆ1|p = |x2|p and |x2 − xˆ2|p = |a+ x1|p = β. If
|x− x2|p = ρ < |x2|p, then by formula (4.2) we have
|f(x)− x2|p = |x− x2|p.
Consequently, f(Sρ(x2)) ⊂ Sρ(x2) for all ρ < |x2|p, i.e., U|x2|p(x2) ⊂ SI(x2).
From equality (4.2), it follows that f(S|x2|p(x2)) 6⊂ S|x2|p(x2). So, we have SI(x2) =
U|x2|p(x2).

4.8. Case: α < β < |a|p.
Remark 10. In this case the open ball with radius αβ|a|p and center x1 is the maximal Siegel
disk for fixed point x1. The fixed point x2 is attractive and its basin of attraction is the set
A(x2) = Cp \ (V αβ
|a|p
(0) ∪ P).
Lemma 9. If α < β < |a|p, then the dynamical system generated by ζα,β(r) has the following
properties:
1. Fix(ζα,β) = {r : 0 ≤ r < αβ|a|p } ∪ {
αβ
|a|p : if a` =
αβ
|a|p } ∪ {|a|p}.
2. If r = αβ|a|p and a` <
αβ
|a|p , then ζ
n
α,β(r) = a` for any n ≥ 1.
3. If r > αβ|a|p , then
lim
n→∞ ζ
n
α,β(r) = |a|p.
Proof. Parts 1 and 2 are straightforward.
3. By definition of ζα,β(r), for r > β we have ζα,β(r) = |a|p, i.e., the function is constant.
For r = β we have ζα,β(β) = β` ≥ |a|p and by condition |a|p > β, we get ζα,β(β) > β.
Consequently,
lim
n→∞ ζ
n
α,β(β) = |a|p.
Let r ∈ (α, β) and m = max
{
n|n ∈ N ∪ {0}, n < log β
|a|p
α
β
}
. So we get
(α, β) =
m⋃
k=0
[
βk+2
|a|k+1p
,
βk+1
|a|kp
)
∪
(
α,
βm+2
|a|m+1p
)
.
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Denote Ak =
[
βk+2
|a|k+1p
, β
k+1
|a|kp
)
and A =
(
α, β
m+2
|a|m+1p
)
. We note that if α < r < β, then
ζα,β(r) =
|a|pr
β
. From this we have the following
f(A) = Am,
f(Ak) = Ak−1, 1 ≤ k ≤ m
f(A0) = [β, |a|p),
i.e., if r ∈ (α, β), then fm(r) ≥ β and from above, we have
lim
n→∞ ζ
n
α,β(r) = |a|p.
For r = α we have ζα,β(α) = α` ≥ α|a|pβ > α. Consequently,
lim
n→∞ ζ
n
α,β(α) = |a|p.
Assume now αβ|a|p < r < α then ζα,β(r) =
|a|pr2
αβ
, ζ ′α,β(r) =
2|a|pr
αβ
> 2. Therefore, there
exists n0 ∈ N such that for n ≥ n0 we get ζnα,β(r) > α and consequently
lim
n→∞ ζ
n
α,β(r) = |a|p.

By Lemma 1 and Lemma 9 we get
Theorem 9. If α < β < |a|p, then the p-adic dynamical system generated by function (2.3)
has the following properties:
1. 1.1) SI(x1) = U αβ
|a|p
(0).
1.2) x2 ∈ S|a|p(0).
2. If x ∈ S αβ
|a|p
(0), then one of the following two possibilities holds:
2.1) There exists k ∈ N and µk < αβ|a|p such that fm(x) ∈ Sµk(0) for any m ≥ k and
fm(x) ∈ S αβ
|a|p
(0) if m ≤ k − 1.
2.2) The trajectory {fk(x), k ≥ 1} is a subset of S αβ
|a|p
(0).
3. The fixed point x2 is attractive and
A(x2) = Cp \ (V αβ
|a|p
(0) ∪ P).
Proof. 1. By Lemma 1 and part 1 of Lemma 9 we see that spheres Sr(0), r <
αβ
|a|p and
S|a|p(0) are invariant for f . Thus SI(x1) = U αβ
|a|p
(0).
Note that |a|p > β and |d|p = β. From this |x2|p = |a− d|p = |a|p, i.e. x2 ∈ S|a|p(0).
2. If x ∈ S αβ
|a|p
(0) then by (2.4) we have
|f(x)|p = |ax+ b|p|a|p ≤
αβ
|a|p .
26 U.A. ROZIKOV, I.A. SATTAROV
If |f(x)|p < αβ|a|p then there is µ1 <
αβ
|a|p such that f
m(x) ∈ Sµ1(0) for any m ≥ 1 (see part 1
of Lemma 9). So in this case k = 1.
If |f(x)|p = αβ|a|p then we consider the following
|f2(x)|p = |af(x) + b|p|a|p ≤
αβ
|a|p .
Now, if |f2(x)|p < αβ|a|p then there is µ2 <
αβ
|a|p such that f
m(x) ∈ Sµ2(0) for any m ≥ 2. So
in this case k = 2.
If |f2(x)|p = αβ|a|p then we can continue the argument and get the following inequality
|fk(x)|p ≤ αβ|a|p .
Hence in each step we may have two possibilities: |fk(x)|p = αβ|a|p or |fk(x)|p <
αβ
|a|p . In case
|fk(x)|p < αβ|a|p there exists µk such that fm(x) ∈ Sµk(0) for any m ≥ k. If |fk(x)|p =
αβ
|a|p
for any k ∈ N then {fk(x), k ≥ 1} ⊂ S αβ
|a|p
(0).
3. In this case x2 will be attractive fixed point, i.e.
|f ′(x2)|p = |b+ dx2|p|b+ ax2|p < 1,
because we have |b+ dx2|p = β|a|p and |b+ ax2|p = |a|2p.
From Lemma 1 and part 3 of Lemma 9 we have
lim
n→∞ f
n(x) ∈ S|a|p(0)
for all x ∈ Sr(0) \ P, r > αβ|a|p .
Let x ∈ S|a|p(0). By simple calculation we get
|f(x)− x2|p = |x− x2|p · |dx+ b|p|(x− xˆ1)|p|(x− xˆ2)|p .
By |dx+ b|p = β|a|p and |x− xˆ1|p = |x− xˆ2|p = |a|p, we have that |f(x)− x2|p < |x− x2|p
for any x ∈ S|a|p(0) \ P. Consequently
lim
n→∞ f
n(x) = x2, for all x ∈ Sr(0) \ P, r > αβ|a|p ,
i.e. A(x2) = Cp \ (V αβ
|a|p
(0) ∪ P). 
5. Periodic orbits.
In this section we are interested in periodic orbits of the dynamical system and we find
an invariant set (with respect to function (2.3)), which contains all periodic orbits.
Define the following sets
I1 = {r : 0 < r < α} if |a|p < β;
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I2 = {r : 0 < r < α or α < r < β} if |a|p = β;
I3 =
{
r : 0 < r <
αβ
|a|p
}
if |a|p > β;
and we denote I = I1 ∪ I2 ∪ I3.
From previous sections we have the following
Corollary 1. The sphere Sr(0) is invariant for f if and only if r ∈ I.
Theorem 10. For every closed ball Vρ(c) ⊂ Sr(0), r ∈ I the following equality holds
f(Vρ(c)) = Vρ(f(c)).
Proof. From inclusion Vρ(c) ⊂ Sr(0) we have |c|p = r. Let x ∈ Vρ(c), i.e. |x− c|p ≤ ρ, then
|f(x)− f(c)|p = |x− c|p · |adcx + ab(x+ c)− bcx+ b
2|p
|(x− xˆ1)(x− xˆ2)(c − xˆ1)(c− xˆ2)|p . (5.1)
We have |x|p = r, because x ∈ Vρ(c) ⊂ Sr(0). Consequently,
|adcx|p = |ad|pr2, |b2|p = α2β2, |ab(x+ c)|p ≤ αβ|a|pr, |bcx|p = αβr2.
If |a|p < β, then r ∈ I1, i.e., 0 < r < α. So we have
max{|ad|pr2, αβ|a|pr, αβr2, α2β2} = α2β2
and
|(x− xˆ1)(x− xˆ2)(c− xˆ1)(c− xˆ2)|p = α2β2.
Using this equality by (5.1) we get |f(x)− f(c)|p = |x− c|p ≤ ρ.
If |a|p = β, then r ∈ I2, i.e., r ∈ (0, α) or r ∈ (α, β). For 0 < r < α we have
|f(x)− f(c)|p = |x− c|p ≤ ρ.
Let α < r < β, so we have |d|p = β. Then
max{|ad|pr2, αβ|a|pr, αβr2, α2β2} = max{β2r2, αβ2r, αβr2, α2β2} = β2r2
and
|(x− xˆ1)(x− xˆ2)(c − xˆ1)(c− xˆ2)|p = r2β2.
Consequently |f(x)− f(c)|p = |x− c|p ≤ ρ.
If |a|p > β, then r ∈ I3, i.e., 0 < r < αβ|a|p < α. So we have
max{|ad|pr2, αβ|a|pr, αβr2, α2β2} = α2β2 and |(x− xˆ1)(x− xˆ2)(c− xˆ1)(c− xˆ2)|p = α2β2.
Using these equalities by (5.1) we get |f(x) − f(c)|p = |x − c|p ≤ ρ. This completes the
proof. 
Let X ⊂ Cp be a compact open subset of Cp. Consider the dynamical system (X, f),
where f : X → X is a given function.
Definition 1. [11] Let X be a compact open subset of Cp and let f : X → X be a rational
function. Assume, in addition, that f ′(x) has no roots in X. Then f is uniformly locally
scaling with local scalar C(a) = |f ′(a)|p, i.e., there exist r > 0 such that for any a ∈ X,
|f(x)− f(y)|p = |f ′(a)|p|x− y|p whenever x, y ∈ Vr(a).
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We can define the notions (uniformly) locally isometric as follows.
Definition 2. [11] A map f : X → X is uniformly locally isometric if there exists a constant
r > 0 such that for all a ∈ X, |f(x)− f(y)|p = |x− y|p whenever x, y ∈ Vr(a).
By a similar argument as in Definition 1, we have the following criteria.
Proposition 2. [11] Let X be a compact open subset of Cp and let f : X → X be a rational
function. Then f is uniformly locally isometric if and only if |f ′(a)|p = 1 for all a ∈ X.
For function (2.3) we have the following
Lemma 10. Let r ∈ I and suppose x ∈ Sr(0) is arbitrary. Then |f ′(x)|p = 1.
Proof. We have
|f ′(x)|p = |adx
2 − bx2 + 2abx+ b2|p
|x4 + 2dx3 + d2x2 + 2bx2 + 2bdx+ b2|p .
Note that |x|p = r, |b|p = αβ and |d|p ≤ β. Now, if |a|p < β, then r ∈ I1 i.e., 0 < r <
α ≤ β and we have that |f ′(x)|p = α
2β2
α2β2
= 1.
Let |a|p = β. Then r ∈ I2, i.e., 0 < r < α or α < r < β. If 0 < r < α, then
|f ′(x)|p = α
2β2
α2β2
= 1. If α < r < β, then |d|p = β and we have |f ′(x)|p = β
2r2
β2r2
= 1.
If |a|p > β, then r ∈ I3, i.e., 0 < r < αβ|a|p < α and |f ′(x)|p =
α2β2
α2β2
= 1. Thus, |f ′(x)|p = 1
for all x ∈ Sr(0). 
Corollary 2. If r ∈ I then f : Sr(0)→ Sr(0) is uniformly locally isometric.
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Lemma 11. If c ∈ Sr(0) for r ∈ I, then
|f(c)− c|p =


r2
α
, if r ∈ I1, α < β
r2
α
, if r ∈ I1, |a− d|p = α = β
r2|a−d|p
α2
, if r ∈ I1, |a− d|p < α = β, r < |a− d|p
r3
α2
, if r ∈ I1, |a− d|p < α = β, r > |a− d|p
< r
3
α2
, if r ∈ I1, |a− d|p < α = β, |c− x2|p < r = |a− d|p
r3
α2
, if r ∈ I1, |a− d|p < α = β, |c− x2|p = r = |a− d|p
r2|a−d|p
αβ
, if r ∈ I2, r < α, r < |a− d|p
r3
αβ
, if r ∈ I2, r < α, r > |a− d|p
< r
3
αβ
, if r ∈ I2, r < α, r = |a− d|p, |c− x2|p < r
r3
αβ
, if r ∈ I2, r < α, r = |a− d|p, |c− x2|p = r
r|a−d|p
β
, if r ∈ I2, r > α, r < |a− d|p
r2
β
, if r ∈ I2, r > α, r > |a− d|p
< r
2
β
, if r ∈ I2, r > α, r = |a− d|p, |c− x2|p < r
r2
β
, if r ∈ I2, r > α, r = |a− d|p, |c− x2|p = r
|a|pr2
αβ
, if r ∈ I3.
Proof. By simple calculation we get the following
|f(c)− c|p =
|c|2p|a− d− c|p
|c− xˆ1|p|c− xˆ2|p .
Using this equality the strong triangle inequality of p-adic norm one complies the proof. 
Remark 11. If r 6= |a − d|p, then by Lemma 11 we have that |f(c) − c|p depends on r,
but does not depend on c ∈ Sr(0) itself, therefore we define ρr = |f(c) − c|p, if c ∈ Sr(0),
r 6= |a− d|p.
Theorem 11. If c ∈ Sr(0) for r ∈ I, r 6= |a− d|p then
1. |fn+1(c)− fn(c)|p = ρr for any n ≥ 1.
2. f(Vρr(c)) = Vρr(c).
3. If Vθ(c) ⊂ Sr(0) is an invariant for f , then θ ≥ ρr.
Proof. The proof is similar to the proof of Theorem 11 in [30]. 
30 U.A. ROZIKOV, I.A. SATTAROV
Theorem 12. Let r ∈ I and r 6= |a − d|p. If dynamical system (Sr(0), f) has k-periodic
orbit y0 → y1 → ...→ yk → y0, then the following statements hold:
1. yi ∈ Vρr(y0) for all i ∈ {1, 2, ..., k};
2. |(fk(x))′x=yi |p = 1, for all i ∈ {0, 1, ..., k}, i.e., character of periodic points is indif-
ferent;
3. if ρ ≤ ρr, then we have f(Sρ(yi) \ P) ⊂ Sρ(yi+1) for any i ∈ {0, 1, ...k − 1} and
f(Sρ(yk) \ P) ⊂ Sρ(y0).
Proof. 1. Follows from the part 2 of Theorem 11, i.e., closed ball with radius ρr is the
minimal invariant ball for function f .
2. By Lemma 1 we have |f ′(x)|p = 1, for arbitrary x ∈ Sr(0).
3. This result is follows from the proof of Theorem 10, i.e., for all x ∈ Vρ(c) ⊂ Sr(0) we
have |f(x)− f(c)|p = |x− c|p. 
6. Ergodicity properties of the dynamical system in Qp.
In this section we consider the dynamical system of function (2.3) in Qp and we are
interested to study ergodicity properties of the dynamical system on each invariant sphere.
Consider the dynamical system (X,T, µ), where T : X → X is a measure preserving
transformation, and µ is a probability measure. The dynamical system is called ergodic if
for every invariant set V we have µ(V ) = 0 or µ(V ) = 1 (see [33]).
We assume that the square root
√
d2 − 4b exists in Qp.
For each r ∈ I, r 6= |a− d|p consider a measurable space (Sr(0),B), here B is the algebra
generated by closed subsets of Sr(0). Every element of B is a union of some balls Vρ(c).
A measure µ¯ : B → R is said to be Haar measure if it is defined by µ¯(Vρ(c)) = ρ.
Note that Sr(a) = Vr(a) \ V r
p
(a). So, we have µ¯(Sr(0)) = r(1− 1p).
We consider normalized (probability) Haar measure:
µ(Vρ(c)) =
µ¯(Vρ(c))
µ¯(Sr(0))
=
pρ
(p− 1)r .
By Theorem 10 we conclude that f preserves the measure µ, i.e. µ(f(Vρ(c))) = µ(Vρ(c)).
Theorem 13. Let r ∈ I and r 6= |a− d|p. If p 6= 2, then the dynamical system (Sr(0), f, µ)
is not ergodic.
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Proof. Let r ∈ I and r 6= |a− d|p. By the part 2 of Theorem 11, the ball Vρr(c) is invariant
for any c ∈ Sr(0). Using Lemma 11 we get
µ(Vρr (c)) =
pρr
(p− 1)r =


pr
α(p−1) , if r ∈ I1, α < β
pr
α(p−1) , if r ∈ I1, |a− d|p = α = β
pr|a−d|p
α2(p−1) , if r ∈ I1, |a− d|p < α = β, r < |a− d|p
pr2
α2(p−1) , if r ∈ I1, |a− d|p < α = β, r > |a− d|p
pr|a−d|p
αβ(p−1) , if r ∈ I2, r < α, r < |a− d|p
pr2
αβ(p−1) , if r ∈ I2, r < α, r > |a− d|p
p|a−d|p
β(p−1) , if r ∈ I2, r > α, r < |a− d|p
pr
β(p−1) , if r ∈ I2, r > α, r > |a− d|p
pr|a|p
αβ(p−1) , if r ∈ I3.
If r ∈ I1, then 0 < r < α ≤ β. Since r radius is a value of a p-adic norm we have prα ≤ 1.
Thus 0 < µ(Vρr(c)) ≤ 1p−1 .
Let r ∈ I2, i.e., 0 < r < α or α < r < β. We note that |a− d|p ≤ β. If r < α, then prα ≤ 1
and 0 < µ(Vρr(c)) ≤ 1p−1 .
If α < r < β, then pr ≤ β. In case r < |a−d|p we assume that |a−d|p = β. Consequently,
µ(Vρr(c)) =
p
p−1 > 1. We note that µ is a probability measure, i.e., µ(Vρ(c)) ≤ 1 for every
closed ball Vρ(c) ∈ B. Therefore, we have |a− d|p < β for case α < r < β and r < |a− d|p.
So p|a− d|p ≤ β. Thus, 0 < µ(Vρr(c)) ≤ 1p−1 .
If r ∈ I3, then we have 0 < r < αβ|a|p and
pr|a|p
αβ
≤ 1. Thus 0 < µ(Vρr(c)) ≤ 1p−1 .
Therefore if p 6= 2, i.e., p ≥ 3, then the dynamical system (Sr(0), f, µ) is not ergodic for
all r ∈ I, r 6= |a− d|p. Theorem is proved. 
Recall Z2 = {x ∈ Q2 : |x|2 ≤ 1}. So we have 1 + 2Z2 = S1(0).
The following theorem gives a criterion of ergodicity for the rational functions mapping
S1(0) to itself:
Theorem 14. [19] Let f, g : 1+2Z2 → 1+2Z2 be polynomials whose coefficients are 2-adic
integers.
Set f(x) =
∑
i aix
i, g(x) =
∑
i bix
i, and
A1 =
∑
i odd
ai, A2 =
∑
i even
ai, B1 =
∑
i odd
bi, B2 =
∑
i even
bi.
The rational function R = f
g
is ergodic if and only if one of the following situations
occurs:
(1) A1 = 1(mod 4), A2 = 2(mod 4), B1 = 0(mod 4) and B2 = 1(mod 4).
(2) A1 = 3(mod4), A2 = 2(mod 4), B1 = 0(mod 4) and B2 = 3(mod 4).
(3) A1 = 1(mod 4), A2 = 0(mod 4), B1 = 2(mod 4) and B2 = 1(mod 4).
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(4) A1 = 3(mod 4), A2 = 0(mod 4), B1 = 2(mod 4) and B2 = 3(mod 4).
(5) One of the previous cases with f and g interchanged.
But, in this paper we will study ergodicity of the dynamical system (Sr(0), f, µ) for any
r ∈ I. For this purpose we can not use Theorem 14 directly, because the radius of the
sphere is arbitrary.
Let r = pl and a function f : Spl(0)→ Spl(0) be given. Denote (f ◦ g)(t) = f(g(t)).
Consider x = g(t) = p−lt, t = g−1(x) = plx then it is easy to see that
f ◦ g : S1(0)→ Spl(0). Consequently, g−1 ◦ f ◦ g : S1(0)→ S1(0).
Let B (resp. B1) be the algebra generated by closed subsets of Spl(0) (resp. S1(0)), and
µ (resp. µ1) be normalized Haar measure on B (resp. B1).
Theorem 15. [30] The dynamical system (Spl(0), f, µ) is ergodic if and only if
(S1(0), g
−1 ◦ f ◦ g, µ1) is ergodic.
Now using the above mentioned results for f(x) = ax
2+bx
x2+dx+b
, when p = 2 and
f : Sr(0)→ Sr(0) we prove the following theorem.
Theorem 16. Let p = 2 and r ∈ I. Then the dynamical system (Sr(0), f, µ) is ergodic if
and only if one of the following conditions occurs:
(1) |a|2 < β, |d|2 = β and r = α2 .
(2) |a|2 = β and r = β2 .
(3) |a|2 > β and r = αβ2|a|2 .
Proof. Let r = 2l, α = 2m, β = 2k, |a|2 = 2s and |d|2 = 2q. By Remark 2 it suffices to
prove theorem for the case α ≤ β, i.e., m ≤ k. Since α = |xˆ1|2, β = |xˆ2|2, d = −xˆ1 − xˆ2
and b = xˆ1xˆ2, we have q ≤ k and |b|2 = 2m+k.
Note that
I =


I1, if |a|2 < β
I2, if |a|2 = β
I3, if |a|2 > β.
Let |a|2 < β, i.e., s < k. Then the sphere S2l(0) is invariant for f if and only if l < m.
In f : S2l(0) → S2l(0) we change x by x = g(t) = 2−lt. Note that x ∈ S2l(0), consequently
|x|2 = 2l|t|2 = 2l, |t|2 = 1 and the function g−1(f(g(t))) : S1(0) → S1(0) has the following
form
g−1(f(g(t))) =
2−la
b
t2 + t
2−2l
b
t2 + 2
−ld
b
t+ 1
. (6.1)
For the numerator of (6.1) we have∣∣∣∣2−lab t2
∣∣∣∣
2
= 2l+s−(m+k) ≤ 2−2,
∣∣∣∣2−2lb t2
∣∣∣∣
2
= 22l−(m+k) ≤ 2−2
and
∣∣∣∣2−ldb t
∣∣∣∣
2
= 2l+q−(m+k) ≤ 2−1.
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Consequently,
2−la
b
t2 + t =: γ1(t), is such that γ1 : 1 + 2Z2 → 1 + 2Z2
and
2−2l
b
t2 +
2−ld
b
t+ 1 =: γ2(t) is such that γ2 : 1 + 2Z2 → 1 + 2Z2.
Hence the function (6.1) satisfies all conditions of Theorem 14, therefore using this the-
orem we get
A1 = 1, A2 =
2−la
b
, B1 =
2−ld
b
and B2 = 1 +
2−2l
b
.
Moreover,
A1 = 1(mod 4), A2 = 0(mod 4), B1 ∈ 2m+k−(l+q)(1 + 2Z2) and B2 = 1(mod 4).
By this relations and Theorem 14 we get m+k−(l+q) = (m− l)+(k−q) = 1. Note that
l < m and q ≤ k. Therefore we conclude that the dynamical system (S1(0), g−1 ◦ f ◦ g, µ1)
is ergodic if and only if q = k and l = m − 1, i.e. |d|2 = β and r = α2 . Consequently, by
Theorem 15, (Sr(0), f, µ) is ergodic iff |d|2 = β and r = α2 .
The proofs for the cases |a|2 = β and |a|2 > β are similar. 
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